We describe a new construction algorithm for the recursive generation of all non-isomorphic IPR fullerenes. Unlike previous algorithms, the new algorithm stays entirely within the class of IPR fullerenes, that is: every IPR fullerene is constructed by expanding a smaller IPR fullerene unless it belongs to a limited class of irreducible IPR fullerenes that can easily be made separately. The class of irreducible IPR fullerenes consists of 36 fullerenes with up to 112 vertices and 4 infinite families of nanotube fullerenes. Our implementation of this algorithm is faster than other generators for IPR fullerenes and we used it to compute all IPR fullerenes up to 400 vertices.
Introduction
A fullerene is a cubic plane graph where all faces are pentagons or hexagons. Euler's formula implies that a fullerene with n vertices contains exactly 12 pentagons and n/2 − 10 hexagons.
The dual of a fullerene is the plane graph obtained by exchanging the roles of vertices and faces: the vertex set of the dual graph is the set of faces of the original graph and two vertices in the dual graph are adjacent if and only if the two faces share an edge in the original graph. The rotational order around the vertices in the embedding of the dual fullerene follows the rotational order of the faces.
The dual of a fullerene with n vertices is a triangulation (i.e. a plane graph where every face is a triangle) which contains 12 vertices with degree 5 and n/2 − 10 vertices with degree 6.
In this article we will mostly use the dual representation of a fullerene, which we call a dual fullerene, as this was the most convenient representation for our proofs and implementations.
The discovery in 1985 of the first fullerene molecule, the C 60 "buckyball", won the Nobel Prize for three of its discoverers [19] . Since then many algorithms have been developed to exhaustively list (mathematical models of) fullerene isomers.
The first approach was the spiral algorithm of Manolopoulos et al. in 1991 [22] . The spiral algorithm was relatively inefficient and also incomplete in the sense that not every fullerene isomer could be generated with it. It was later modified to make it complete, but the resulting algorithm was not efficient [21] .
An algorithm using folding nets was proposed by Yoshida and Osawa [27] in 1995, but its completeness remains a difficult open problem. Liu et al. [20] and Sah [24] give other algorithms, but they are also of limited efficiency.
The first complete and efficient generator for fullerenes was developed by Brinkmann and Dress [7] in 1998 and is called fullgen. This algorithm stiches patches together which are bounded by zigzag paths.
In 2012 Brinkmann, Goedgebeur and McKay [9] developed a new generator for all fullerenes called buckygen using infinite families of patch replacement operations [17] . Buckygen was significantly faster than fullgen and contradictory results with fullgen led to the detection of a non-algorithmic programming error in fullgen. Due to this error some fullerenes were missed starting from 136 vertices. In the meantime this bug has already been fixed and now the results of both generators are in complete agreement. The generator of Brinkmann, Goedgebeur and McKay was also used to prove that the smallest counterexample to the spiral conjecture has 380 vertices [10] .
In this article we define a new construction algorithm for the recursive generation of all non-isomorphic Isolated Pentagon Rule (IPR) fullerenes based on the patch replacement operations of Hasheminezhad, Fleischner and McKay [17] . IPR fullerenes are fullerenes where no two pentagons share an edge. These fullerenes are especially interesting as they tend to be chemically more stable and thus they are more likely to occur in nature [1, 26] .
The face-distance between two pentagons is the distance between the corresponding vertices of degree 5 in the dual graph. So in IPR fullerenes the minimum face-distance between any two pentagons is at least two. In [15] we determined a formula for the number of vertices of the smallest fullerenes with a given minimum face-distance between any two pentagons.
In Sect. 2 we present the construction operations. In Sect. 3 we introduce the concept of a cluster and determine the irreducible clusters. This allows us to prove that the class of irreducible IPR fullerenes consists of 36 fullerenes with up to 112 vertices and 4 infinite families of nanotube fullerenes. Section 4 describes the generation algorithm and how we make sure that no isomorphic fullerenes are output.
Finally, in Sect. 5 we compare our implementation of this recursive generation algorithm to other generators for IPR fullerenes.
Construction operations
A patch replacement is a replacement of a connected fragment of a fullerene with a different fragment having identical boundary. If the new fragment is larger than the old, we call the operation an expansion, and if the new is smaller than the old, we call it a reduction.
Since the boundary determines the number of faces in a patch if it contains fewer than two pentagons [11] , and pentagons in fullerenes can be arbitrarily far apart, an infinite number of different patch expansions is required to construct all fullerenes.
Hasheminezhad et al. [17] used two infinite families of expansions to construct all fullerenes (so also non-IPR fullerenes): L i and B i, j . These expansions are sketched in Fig. 1 . The lengths of the paths between the pentagons may vary and for operation L i the mirror image must also be considered. All faces drawn completely in the figure or labelled f k or g k have to be distinct. The faces labelled f k or g k can be either pentagons or hexagons, but when we refer to the pentagons of the operation, we always mean the two faces drawn as pentagons.
In Fig. 2 the L and B expansions of Fig. 1 are shown in dual representation. We will refer to vertices which have degree k ∈ {5, 6} in the dual representation of a fullerene as k-vertices. The solid white vertices in the figure are 5-vertices, the solid black vertices are 6-vertices and the dashed vertices can be either. The two 5-vertices which are involved in the reduction and the vertices which must be 6-vertices in the reduction are called the active vertices of the reduction.
Hasheminezhad et al. [17] have proven that every fullerene except C 28 (T d ) and type-(5,0) nanotube fullerenes, can be reduced to a smaller fullerene by applying an L or B reduction. This means that every fullerene isomer, except C 28 (T d ) and type-(5,0) nanotube fullerenes can be constructed by recursively applying expansions of type L and B to C 20 .
The program buckygen [9] by Brinkmann, Goedgebeur and McKay (which uses the operations of Hasheminezhad et al.) , is a generator for all fullerenes, but it also has an option to output only IPR fullerenes by using a filter and some look-aheads. However, many IPR fullerenes are constructed by this generator by applying an expansion to a non-IPR fullerene. So in order to generate all IPR fullerenes with n vertices, most non-IPR fullerenes with less than n vertices also need to be constructed by the program (see [9] for details).
The construction algorithm which is described in this paper also uses the construction operations of Hasheminezhad et al. and can generate all IPR fullerenes, but stays entirely within the class of IPR fullerenes, that is: IPR fullerenes are constructed from smaller IPR fullerenes. We therefore only apply expansion operations to dual IPR fullerenes which lead to dual IPR fullerenes. We also refer to these operations as IPR An IPR fullerene which cannot be reduced to a smaller IPR fullerene by applying one of the reduction operations is called an irreducible IPR fullerene. In Sect. 3 we prove that the class of irreducible IPR fullerenes consists of 36 fullerenes with up to 112 vertices and 4 infinite families of nanotube fullerenes. A fullerene patch is a connected subgraph of a fullerene where all faces except one exterior face are also faces in the fullerene. Furthermore all boundary vertices have degree 2 or 3 and all non-boundary vertices have degree 3. In the remainder of this article we will abbreviate "fullerene patch" as "patch". The boundary of a patch is formed by the vertices and edges which are on the unique unbounded face, i.e. the outer face. A k-cluster for which k is not specified is sometimes just called a cluster. We also assign a colour to the vertices of a cluster: vertices which are on the boundary of the cluster have colour 6 and the colour of the vertices which are not on the boundary is equal to their degree. We also call a vertex with colour 5 a 5-vertex and a vertex with colour 6 a 6-vertex.
We say that a dual fullerene G contains a cluster C if and only if C is a subgraph of G and every vertex on the boundary of C has degree 6 in G.
Definition 2 (Locally reducible cluster)
A cluster is locally reducible if there exists an L or B-reduction where the active vertices of the reduction are part of the cluster such that the reduced cluster does not contain any adjacent 5-vertices.
Note that the reduced cluster is not necessarily a cluster. Clusters which are not locally reducible are called irreducible.
Lemmas 3 and 4 are useful for the proof of Lemma 5.
Lemma 3 Consider a dual fullerene G and a reduction. If v, w ∈ V (G) are at distance d in G and neither v nor w are active vertices of the reduction, then v and
in the reduced dual fullerene.
Proof Let P be a shortest path from v to w after the reduction, and let d be its length. P may use the non-boundary edges of the new (smaller) patch, but not more than
of them, since otherwise two would be adjacent and P could be shortened. Each such non-boundary edge can be replaced by two edges of the old (larger) patch to form a walk from v to w of length
before the reduction. This inequality is equivalent to the one required. Proof The proof is the same as for the previous lemma, noting that v is not incident with a non-boundary edge of the (smaller) patch after the reduction.
Lemma 4 Consider a dual fullerene G and a reduction. If v, w ∈ V (G) are at distance d in G and v is a 6-vertex which becomes a 5-vertex after reduction and

Lemma 5 A dual IPR fullerene which contains a locally reducible cluster is reducible to a smaller dual IPR fullerene.
Proof Consider a dual IPR fullerene G which contains a locally reducible cluster C. Let G be the dual fullerene obtained by applying a reduction from C. The only possibility such that G would not be IPR is that a 5-vertex which is part of C or a 6-vertex of C which becomes a 5-vertex after reduction would be adjacent to a 5-vertex which is not part of the cluster.
Let v be a 5-vertex of G which is not part of C. It follows from Definition 1 that 5-vertices which are not part of the cluster, are at distance at least 3 from 5-vertices which are part of the cluster.
Let w be a 5-vertex which is in C and which is not an active vertex of the reduction. It follows from Lemma 3 that v and w are at distance at least 2 in G . Now let w be a 6-vertex which becomes a 5-vertex after reduction. Since w is adjacent to a 5-vertex in C, it follows from Definition 1 that v and w are at distance at least 2 in G. Thus it follows from Lemma 4 that v and w are at distance at least 2 in G .
Thus G does not contain any adjacent 5-vertices.
Note that if a dual fullerene contains multiple clusters, they are distinct in the sense that for every two clusters in a dual fullerene the set of 5-vertices is disjoint, but they may have some 6-vertices in common.
Reducibility of k-clusters
(1 ≤ k ≤ 6)
Lemma 6 All dual IPR fullerenes which contain only 1-clusters are reducible to a smaller dual IPR fullerene.
Proof In [17] it was proven that in a dual IPR fullerene, at least one shortest path between any two 5-vertices forms a valid L or B-reduction (not necessarily to a dual IPR fullerene). Each cluster contains one 5-vertex, thus all vertices at distance at most 2 from each 5-vertex are 6-vertices.
Consider a dual IPR fullerene G which contains only 1-clusters. Let G be the graph obtained by applying the shortest reduction between two 5-vertices a, b ∈ V (G). Let a (respectively b ) be the 6-vertex in G which is adjacent to a (respectively b) which is transformed into a 5-vertex by the reduction. It follows from Lemma 3 that the distance in G between 5-vertices which were not involved in the reduction is at least 2. It follows from Lemma 4 that the distance in G between a (or b ) and a 5-vertex which is not modified by the reduction is at least 2.
Suppose a and b are at distance d in G. Note that d is at least 3 since a and b lie in different clusters. Since we performed the shortest reduction between a and b, a and b are at distance at least d − 2 in G . If d > 3 there is not a problem. If d = 3, a and b could be at distance 1 in G . However this would imply that G has a non-trivial cyclic 5-edge-cut and is thus a type-(5,0) nanotube (see [14] for details). But this is not possible since G is IPR. Thus G is a dual IPR fullerene.
Using an algorithm that generates all k-clusters for given k (see [14] for details), we tested all k-clusters for local reducibility. We obtained the following results:
Observation 7 All k-clusters with k ∈ {2, 3, 5} are locally reducible.
Applying Lemma 5 to Observation 7 gives us the following corollary:
Corollary 8 Every dual IPR fullerene which contains a k-cluster (k ∈ {2, 3, 5}) is reducible to a smaller dual IPR fullerene.
Observation 9 There is exactly one 4-cluster which is not locally reducible.
This cluster is depicted in Fig. 4 . The four 5-vertices are white and the other vertices are 6-vertices. Every dual IPR fullerene which contains this cluster has a B 2,2 -reduction to a smaller dual IPR fullerene unless the vertex x displayed in Fig. 5a is a 5-vertex. The path of vertices which is going to be reduced by the B 2,2 -reduction is drawn with dashed edges (assuming x is not a 5-vertex). In principle x can be a vertex which is part of the cluster, but this is not a problem for the reduction. If x is a 5-vertex, there is an L 2 -reduction which yields a dual IPR fullerene. This is shown in Fig. 5b . The reduced dual fullerene is IPR since y is a 6-vertex, otherwise the dual fullerene before reduction was not IPR. In principle y might be identical to one of the vertices which is part of the cluster. This gives us the following corollary: Using the generator for k-clusters we also obtained the following result:
Corollary 10 Every dual IPR fullerene which contains a 4-cluster is reducible to a smaller dual IPR fullerene.
Observation 11
There are exactly six 6-clusters which are not locally reducible.
The first cluster is depicted in Fig. 6 . The six 5-vertices are white and the other vertices are 6-vertices. We call this a straight-cluster. Every dual IPR fullerene which contains this cluster has an L 6 -reduction to a smaller dual IPR fullerene unless vertex a or b displayed in Fig. 7a is a 5-vertex. This is shown in Fig. 7a . Also here a and b may be part of the cluster. The path of vertices which is going to be reduced by the L 6 -reduction is drawn with dashed edges. If a or b is a 5-vertex, there is an L 2 -reduction which yields an IPR fullerene. This is shown in Fig. 7b where it is assumed that a is a 5-vertex. The reduced dual fullerene is IPR since b is a 6-vertex, otherwise the original dual fullerene was not IPR. This gives us the following corollary: We call the cyclic sequence of the degrees of the vertices in the boundary of a patch in clockwise or counterclockwise order the boundary sequence of a patch.
A cap is a fullerene patch which contains 6 pentagons and has a boundary sequence of the form (23) l (32) m . Such a boundary is represented by the parameters (l, m). In the literature, the vector (l, m) is also called the chiral vector (see [25] ). When we speak about caps in the remainder of this article, we more specifically mean caps with a boundary sequence of the form (23) l (32) m . Not every patch of 6 pentagons can be completed with hexagons to a patch with a boundary sequence of the form (23) l (32) m (see [18] for an example), but the patches with 6 pentagons which we will discuss in the remainder of this section all can be completed with hexagons to a boundary of the form (23) l (32) m .
A cap with boundary parameters (m, l) is the mirror image of a cap with boundary (l, m). A cap has a valid reduction if and only if its mirror image is also reducible. Therefore we will assume that l ≥ m. It follows from the results of Brinkmann [3] that a (fullerene) patch which contains 6 pentagons and which can be completed with hexagons to a boundary of the form (23) l (32) m has unique boundary parameters, i.e. it cannot be completed to a boundary with parameters (l , m ) where l is different from l or m is different from m.
The second irreducible 6-cluster is depicted in Fig. 8 . We call this a distorted starcluster. By checking all possible reductions, it can be seen that for any dual IPR fullerene which contains this cluster there are no reductions to a smaller dual IPR fullerene where both 5-vertices of the reduction are in the distorted star-cluster.
Caps which contain the dual of a distorted star-cluster as a subgraph have boundary parameters (6, 5) . Adding a ring of hexagons (or a ring of 6-vertices in the dual) to a cap does not change the boundary parameters of the cap. Note that there are multiple ways of gluing together two caps with boundary parameters (l, 0) to a fullerene. We call an (l, m) ring of hexagons of an IPR fullerene removable if there is a way of removing that ring of hexagons such that the reduced fullerene is still IPR.
We call a cap which contains at least one pentagon in its boundary a kernel. Clearly, every cap has a kernel.
The program from Brinkmann et al. described in [13] generates all nanotube caps which are non-isomorphic as infinite half-tubes. This is done by first generating all nonisomorphic nanotube caps and then filtering out the ones which are non-isomorphic as infinite half-tubes. We modified the program so it outputs all non-isomorphic nanotubes (thus also the ones which are isomorphic as infinite half-tubes). By using this modified version of the generator, we were able to generate all IPR (6,5) kernels. The largest one has 73 vertices, so an IPR fullerene which contains a (6,5) cap and has no removable (6,5) hexagon rings has at most 2 · 73 + 2 · (6 + 5) = 168 vertices. The 2 · (6 + 5) represents a ring of hexagons, since the fullerene consisting of 2 IPR kernels may not be IPR.
Using the corrected version of fullgen [7] , we determined all IPR fullerenes up to 168 vertices which have a (6,5) boundary and do not have any removable (6,5) hexagon rings. There are 11 such fullerenes and each of them is reducible to a smaller IPR fullerene. The largest one has 106 vertices. These results have been independently confirmed by buckygen [9] using a filter and look-aheads for IPR fullerenes. All of the dual (6,5) caps in these 11 dual IPR fullerenes contain a connected subgraph with six 5-vertices which is isomorphic to a subgraph of the distorted star-cluster.
Consider the directed edge (a, b) from the distorted star-cluster from Fig. 8 . If a ring of 6-vertices is added to a dual (6,5) cap which contains (a, b), the straight path starting from (a, b) still exits the cap at the same relative position in the larger dual cap. Consider a dual IPR fullerene F which has a (6,5) boundary. If there is an L or B-reduction which starts from (a, b) and where the second 5-vertex of the reduction is part of the other dual cap of F, then the dual fullerene F obtained by adding a (6,5) ring of 6-vertices to F is still reducible by the same reduction (but which now has one additional 6-vertex). So if the reduction in F was an L x reduction, it will be an L x+1 reduction in F . (Note that a reduction where a is one of the 5-vertices involved in the reduction and where b is part of the reduction path can only produce a smaller dual IPR fullerene if vertex c (from Fig. 8 ) is the 6-vertex which is transformed into a 5-vertex by the reduction.)
We then added (6,5) rings of 6-vertices to these 11 dual fullerenes which have a (6,5) boundary and do not have any removable (6,5) rings of 6-vertices. When 5 rings of 6-vertices have been added, there is a reduction from (a, b) to the other dual cap in each of the 11 cases. So all dual fullerenes of these 11 types with at least 5 (6,5) rings of 6-vertices are reducible to a smaller dual IPR fullerene. We also verified that each of these 11 types of dual fullerenes with less than 5 rings of 6-vertices are reducible as well.
This gives us the following corollary:
Corollary 13 Every dual IPR fullerene which contains a (6,5) boundary is reducible to a smaller dual IPR fullerene.
There is a dual (6,5) kernel which is a subgraph of the distorted star-cluster. So if a dual fullerene contains a distorted star-cluster, it also has a dual (6,5) kernel and thus also a (6,5) boundary. This gives us:
Corollary 14 Every dual IPR fullerene which contains a distorted star-cluster is reducible to a smaller dual IPR fullerene.
The remaining four locally irreducible 6-clusters are depicted in Fig. 9 . We call them clusters I, II, III and IV respectively. Dual caps which contain cluster I, II, III or IV as a subgraph have boundary parameters (5,5), (8,2), (9,0) and (10,0) respectively. By checking all possible reductions which involve a 5-vertex which is part of one of these four clusters, it can be seen that dual IPR fullerenes which contain one of these clusters do not have a reduction to a smaller dual IPR fullerene where at least one of the 5-vertices involved in the reduction is in one of these four clusters. We call clusters with this property globally irreducible. This gives us:
Corollary 15 Every dual IPR fullerene which contains two 6-clusters c and d with c, d ∈ {I, I I, I I I, I V } is not reducible to a smaller dual IPR fullerene.
Also note that dual caps which contain a connected subgraph of six 5-vertices which is isomorphic to a subgraph of a cluster c ∈ {I, I I, I I I, I V } have different boundary parameters for each different c. Therefore dual IPR fullerenes which contain two 6-clusters c and d with c ∈ {I, I I, I I I, I V } and d ∈ {I, I I, I I I, I V } \ {c} do not exist.
All dual caps which contain a connected subgraph with six 5-vertices which is isomorphic to a subgraph of cluster I-IV are globally irreducible as well. So all IPR fullerenes which can be decomposed into 2 caps where both caps are globally irreducible are not reducible to a smaller IPR fullerene.
By using the generator for caps from Brinkmann et al. [13] , we were able to determine that all dual IPR caps with boundary parameters (5,5) (respectively (8,2) and (9,0)) contain a connected subgraph with six 5-vertices which is isomorphic to a subgraph of cluster I (respectively II and III). However there are caps with boundary parameters (10,0) which do not contain a connected subgraph with six 5-vertices which is isomorphic to a subgraph of cluster IV. This gives us the following corollary:
Corollary 16
Every IPR fullerene which contains a (5, 5) , (8, 2) 
or (9,0) boundary is not reducible to a smaller IPR fullerene.
We will now show that all dual IPR fullerenes which have a (10,0) boundary are reducible, except for dual fullerenes where both caps contain a connected subgraph with six 5-vertices which is isomorphic to a subgraph of cluster IV and for a limited number of dual fullerenes which contain an irreducible 12-cluster. By using the modified version of the generator for caps from Brinkmann et al. [13] , we were able to generate all IPR (10,0) kernels. The largest one has 60 vertices, so an IPR fullerene which contains a (10,0) cap and has no reducible (10,0) hexagon rings has at most 2 · 60 + 2 · 10 = 140 vertices. Using fullgen we determined all of these fullerenes. These results were also independently confirmed by buckygen.
All of these dual IPR fullerenes are reducible, except the ones where both dual caps contain a connected subgraph with six 5-vertices isomorphic to a subgraph of cluster IV and a limited number of dual fullerenes which contain a 12-cluster. In Sect. 3.3 we will show which dual fullerenes containing a 12-cluster are irreducible.
We verified that for each of these reducible IPR fullerenes F there is an r such that the fullerenes obtained by adding r (10, 0) rings of hexagons to F have a reduction which is entirely within one cap. We also verified that all fullerenes obtained from F by adding less than r (10, 0) rings of hexagons are reducible as well. The irreducible dual IPR fullerenes which contain a 12-cluster where the dual caps do not contain a connected subgraph with six 5-vertices which is isomorphic to a subgraph of cluster IV also become reducible if a (10, 0) ring of 6-vertices is added. Also for these dual fullerenes there is an r such that the dual fullerenes obtained by adding r (10, 0) rings of 6-vertices have a reduction which is entirely within one dual cap (and all of these dual fullerenes obtained by adding less than r (10, 0) rings of 6-vertices are reducible as well).
Corollary 17 Every dual IPR fullerene which contains a (10,0) boundary is reducible to a smaller dual IPR fullerene, except for dual fullerenes where both dual caps contain a connected subgraph with six 5-vertices which is isomorphic to a subgraph of cluster IV, and for a limited number of dual fullerenes which contain an irreducible 12-cluster.
Together with the other corollaries from this section, this gives us:
Corollary 18 All dual IPR fullerenes which contain a 6-cluster are reducible to a smaller dual IPR fullerene, unless the dual fullerene contains 2 clusters c with c ∈ {I, I I, I I I, I V }
Reducibility of k-clusters (7 ≤ k ≤ 12)
Now we will prove that all dual IPR fullerenes which contain a k-cluster with 7 ≤ k ≤ 11 are reducible to a smaller dual IPR fullerene. We will also prove that there are only a limited number of dual fullerenes which contain a 12-cluster which are not reducible to a smaller dual IPR fullerene and determine them. For a given patch with k pentagons (7 ≤ k ≤ 12), we can compute an upper bound for the number of vertices of a fullerene which contains this patch by using the results from [2] . Suppose for example that we have a patch P with 7 pentagons, h P hexagons and boundary length l. We can determine an upper bound for the number of hexagons h in a patch with the same boundary length and 5 pentagons by using Theorem 12 of [2] as follows:
So the number of faces in a fullerene containing P is at most 7 + h P + 5 + l 2 −113
8 . For patches with k (8 ≤ k ≤ 12) pentagons, an upper bound for the number of faces of a fullerene which contains such a patch is obtained in a similar way. Based on this, we computed an upper bound for the number of vertices of a fullerene containing the dual of a k-cluster (7 ≤ k ≤ 12) (see [14] for details). The results are shown in Table 1 . Note that these upper bounds are very coarse since the patches with the largest number of hexagons given in [2] for a given number of pentagons and boundary length are not IPR if the patch contains at least 2 pentagons.
Using fullgen we generated all IPR fullerenes up to 330 vertices and tested them for reducibility. This was independently verified by buckygen. We obtained the following results: 
Observation 21 There are exactly 36 irreducible dual IPR fullerenes which contain a 12-cluster and which do not have a dual cap which contains a connected subgraph with six 5-vertices which is isomorphic to a subgraph of cluster I, II, III or IV.
It was not feasible to generate all IPR fullerenes up to 462 vertices with fullgen. However, our generator for locally irreducible clusters was still fast enough to generate all locally irreducible 7-clusters. By using these specific 7-clusters C which have boundary length b C in the formula |V (C)| + 5 +
(where |V (C)| stands for the number of vertices of C), we were able to determine that fullerenes which contain the dual of one of these locally irreducible 7-clusters have at most 166 vertices. Using fullgen we generated all these fullerenes and tested them for reducibility. We obtained the following result (which was independently confirmed by buckygen):
Corollary 22 All dual IPR fullerenes which contain a 7-cluster are reducible to a smaller dual IPR fullerene.
Actually we only had to prove that dual IPR fullerenes which contain one 7-cluster and five 1-clusters (or one 8-cluster and four 1-clusters etc.) are reducible. Since e.g. a dual fullerene consisting of a 7-cluster and a 5-cluster is always reducible since all 5-clusters are locally reducible (see Observation 7) .
By noting that in a dual IPR fullerene every 5-vertex is part of a cluster, together Corollaries 6, 7, 10, 18, 19, 21 and 22 lead to the following theorem:
Theorem 23 The class of irreducible dual IPR fullerenes consists of 4 infinite families of dual IPR fullerenes which contain two 6-clusters c with c ∈ {I, I I, I I I, I V } and 36 dual IPR fullerenes which contain a 12-cluster.
Open questions
When classifying these irreducible IPR fullerenes we encountered some open questions. Future work might include solving these open questions:
-Can every fullerene be split into two caps? By performing a computer search, we verified that all fullerenes up to 200 vertices can be split into two caps. -Does a 12-cluster uniquely determine a dual fullerene? Or equivalently: does a boundary sequence uniquely describe the interior of a subpatch of a fullerene which only consists of hexagons? It is known [6, 16] that the boundary of a hexagon patch determines the number of faces of the patch. It is also known that the boundary sequence uniquely describes the interior of a hexagonal patch if it is a subgraph of the hexagonal lattice and it has been shown by Guo et al. [16] that this is not the case if the patch is not necessarily a subgraph of the hexagon lattice. For hexagon patches which are subgraphs of fullerenes, it is unknown.
Generation algorithm
In order to generate all IPR fullerenes with n vertices, the generation algorithm recursively applies the IPR construction operations from Sect. 2 to all irreducible IPR fullerenes with at most n vertices. The 4 infinity families of irreducible dual IPR nanotube fullerenes which contain two 6-clusters c with c ∈ {I, I I, I I I, I V } consist of dual caps with boundary parameters (5, 5), (8, 2) , (9, 0) or (10, 0), respectively. They are generated by adding rings of 6-vertices with the respective parameters in all possible ways. Since there are only a small number of irreducible IPR fullerenes (see Sect. 5), we use the following simple method to make sure no isomorphic irreducible IPR fullerenes are output: we compute and store a canonical form for each generated irreducible IPR nanotube fullerene and only output the irreducible fullerenes which were not generated before. For details about the canonical form, we refer to [12] .
To make sure that no isomorphic reducible IPR fullerenes are output, we use the canonical construction path method [23] . The isomorphism rejection method is very similar to the method used in [9] and therefore we refer to that article for more details and a proof that exactly one representative of each isomorphism class of dual IPR fullerenes is output.
Testing and results
We implemented our algorithm for the recursive generation of IPR fullerenes and incorporated it in the program buckygen [9] which can be downloaded from [8] . Buckygen is also part of the CaGe software package [5] . Buckygen can be used to recursively generate IPR fullerenes by executing it with the command line argument -I. We will refer to this program as buckygen IPR. Buckygen can also be used to generate IPR fullerenes by generating all fullerenes and using a filter and look-aheads for IPR fullerenes. We will refer to this generator as buckygen IPR filter.
A comparison of the running times for generating IPR fullerenes is given in Table 2 . The programs were compiled with gcc and executed on an Intel Xeon L5520 CPU at 2.27 GHz. The running times include writing the IPR fullerenes to a null device.
As can be seen from that table, buckygen IPR is significantly faster than fullgen [7] . Buckygen constructs larger fullerenes from smaller ones. So generating all IPR fullerenes with at most n vertices gives only a small overhead compared to generating all IPR fullerenes with exactly n vertices. In fullgen the overhead is considerably larger as it does not construct fullerenes from smaller fullerenes.
The speedup of buckygen IPR compared to buckygen IPR filter is decreasing because in buckygen IPR filter several lemmas can be applied which allow to determine a good bound on the length of the shortest reduction (see [9] ), while these cannot be applied to buckygen IPR. Furthermore the ratio of IPR fullerenes among all fullerenes is increasing, thus the ratio of fullerenes which are rejected by buckygen IPR filter because they are not IPR is decreasing. However for the fullerene sizes which are important for practical purposes, buckygen IPR is significantly faster than other generators for IPR fullerenes.
We used buckygen IPR to generate all IPR fullerenes up to 400 vertices. These results were independently confirmed by buckygen IPR filter and fullgen IPR up to 380 vertices.
The counts of all fullerenes, irreducible IPR fullerenes and IPR fullerenes up to 400 vertices can be found in Table 3 . Some of these graphs can be downloaded from the House of Graphs [4] at http://hog.grinvin.org/Fullerenes. 
